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In this paper the author considers a problem related to the stability of
the unperturbed motion of an air plane with an autopilot. The character-
istic equation of the first approximation of the system has a pair of
zZero roots with one group of solutions. General methods of solving this
kind of problems were investigated by Liapunov [ 1] and Kamenkov [2]. In
the actual cases the construction of the Liapunov function which determines
the region of permissible perturbations may be very difficult.

1. We shall consider the system of equations of the perturbed motion

%:y L:d;[/~-':(b,—bgy)zi, Z—j:——az—by—ez y

(@a>0,5>0,¢>0, by >0, ba> 0) (1.1)

Through the linear substitution

T =z, Y1 =, 2y = ax + By + vz, a = ac, B=0bc—a, v=c¢? (1.2)

the system (1.1) is transformed into the canonical system

dxy (1.3)
dar =Y
% = 1112 4 (as71 + ast1®) Y1 + (as + as71) n® + aeyi® + a721% 4 agz12) -
+ (ag21 -+ a1021%2 + a117121) Y1 + @12z11®
dTJztl = — cz1 + m a3+ (@271 + ag2i?) y1 + (a4 4 asm1) yi® + aeys® + 40?4 agTizy +

+ (@921 -+ @102:2 + anxiz1) y1 + a1azyi?)
where a; and m are known functions of the quantities a, b, c, bl, bz'

It is obvious that the problem of stability with respect to the new
variables is equivalent to the problem of stability with respect to the
old variables. We shall prove that in the case under consideration the
unperturbed motion =y =z = 0 is unstable. For this purpose we shall
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perform a preliminary transformation of the system (1.3) by the substitu-
tion

. 4 .
xy =5, YT - Bizy 4 Dzyg?
ayc -+ ag ) ag az
= B — T D == T {1.4)
In this case
5 = Xy, v == {yl e Bxlz,l —— DZ]S) (1 - 4421) (1.5)

When z = 0 the substitution reduces to x = £, ¥y =7 On the other
hand, the terms of the substitution which contain 2z are all of the same
degree, which is at least two. The above substitution could not lower
the order of the right members of the differential equations. This c¢an
easily be proved by differentiating (1.5) with respect to the time ¢t. We
shall have

dn  dy; dzy dzi _dy dzy dzy .4z
Td—tzm"—— Zy "&*{‘WBZ’] 7 +x141‘a_t"+/4y1 dtMZDZI dt ‘”“.4B21 dr

dz dz
—24Bryzy 7 — 34D - (1.6)

Let us group together all the second order terms in the right-hand
member of the above equation. With the old variables we shall have

a1 2? + Ty + agya® & a02)? + agmizy + agnt — Byisy + Bexym — Acyisy - 2Dez? (1.7)

The transformation from the old to the new variables &, n will leave
the second order terms unchanged, but will introduce additional terms of
a higher order. With A4, B, and D defined as above we shall obtain the
relation

(az + 2D¢) 51 + (ag + Be) 2121 + (ag — B — Ac) iz, ==0 (1.8)

The final form of the transformed system could be written as

s
@t T Ay T BT Dad

d

=g ekt e+ (6w m) (1.9)
dz

T = cnt k(G )

Here the function fl(f, n. z;) contains no terms lower than the third
order with respect to the variables £, %, z,;; the function fz(f, . 7))
contains no terms lower than the second order with respect to these
variables.

Let us congsider the function
1 [5%
V& n 21) =n+ (@—a) En— 5 4582 — 5= 2,2 (1.10)

In any neighborhood of the unperturbed motion §'= n=z = 0 there are
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points where V(£, 7, z;) > 0, and also points where V(£, 7, 2y} < 0. The
time derivative of the function V equals

1%
ar = [(a1— as) 1 — ] 1Tnj;1 - BEzy 4 DmJ b (@ ay) B] [@18%+ aebn - ayn? -
7
+ f1 (&, 21)] 4 ayz® — L’;l"’ i€,z =a (B2 4 02 L 20 + D (5, m, z1) (1.11)

Here Q’(f, 7, 21) contains no terms lower then of the third order of
magnitude.

Thus the function V satisfies all the conditions of Liapunov's theorem
on the instability of motion [3]. The conditions of instability would not
be satisfied if a = 0, which is possible when a = 0, or when bl = 0.

2. We shall consider now the case when o = 0, b1 # 0. In this case
equations (1.3) will become
dx
dr =Y
dy
ar = agy® + agy® + @22 + agyz + a1yz® + angy’z (2.1
dz
ar = ¢zt mlay® + ay® + ar2® + agyz + areyz? - arny?z)

We shall show that in this case the unperturbed motion is unstable. In
order to achieve this we shall consider the function of Chetaev
22
Ve, y, 2) =2y — 5~ (2.2)
The region V> 0 is represented by the inside surface of a cone. Taking
into account the system (2.1), the derivative of V is

av may mag magg
= 3/2[1 + agx + agry + a2 1z — I Yz — 22| -
ma ma ma
+ z% [1 + a;x + apory — c7 z— 2 y— 10 yz] -+ agry:z (2.3)

In a sufficiently small neighborhood of the unperturbed motion the
sign or the right member of this equation is determined by the sign of
the expression

@y, z) =yt 2t agryz (2.4)

The above expression is a quadratic form with respect to the variables
y and z, and is & positive-definite function for all values of x satisfy-
ing the condition

c?

lz| < = b, (2.3)

-
For given values of x the function f(xyz) could vanish only on the

line y = 2z = 0 lying on the surface of the cone:

z2

Ty — g = (2.6)
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Thus, the constructed function V satisfies the conditions of Chetaev's
theorem on the instability of motion [ 4], which proves our statement. It
is easy to notice that the function V would also satisfy the conditions
of Chetaev’s theorem when aq = bl = 0. In this last case the right member
of the inequality (2.3) becomes

mais

22} + 22 [i + a2y — m:m yZ] 2.7

Meug
y? [i + agxy + aygzz — ¥

and represents a positive-definite function for any sufficiently small
value of the varisbles x, y, z, which vanishes in the neighborhood of the
unperturbed motion on the surface of the cone (2.86). Thus, in this last
case the unperturbed motion x= y = z = 0 is also unstable.

3. %o shall consider now the case when b1 =0, a# 0. The equations
(1.3) become in this case

dx
&Y
dy
dr = @7 + agwy® + agy® + agys® + aszyz + agy’z (3.4)
dz
A =—ctm [a12%y + asxy? + asy® + agyz® + aszyz + agy?z)

where the coefficients a;, m will depend only on the given values a, b
c, b b

1+ 72°

The direct construction of Liapunov’s function for the system (3.1)
presents considerable difficulties, which could be circumvented through
an additional transformation of the system achieved by the following sub-
stitutions:

ma;z,? m ay
z=125 Y=, z:zl+myl+ ';(as—zT 21yt

m ag ay
+ 7 (as—- —+2 ’Ea") yid==21 4 U (z) {3.2)

mayx? m o\
=2, Y=y, mzZ—;:agwM?-w~2;7wL—

m 43 ay 3
- a3—7+2§‘ Wyr=z-—U (zy)

— 1+ V 1+ 4oy, %5

Tam o A=m A= (33)

Ty = T, n =

Te=2x, Yo=y1 -+ ah¥%, z22=12

The substitution of (3.2) into (3.1) will change the system (3.1) as
follows: the first equation will not change; in the second equation will
appear additional terms of fifth order; the third equation is the only one
which will show some essential changes.

On the strength of the identity
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2maye m @ ma) x4y
mayx 2y + magxiyy? asy® — —————— 'J‘_._——< 2 — g__ 1=t
1Z1°Yy1 2Z1¥1° + masyy (¢ + a1z) xy o\ c Y ¢+ ai7?
maycx 2y, ay : as ay 2¢ -+ ayr 2
Totame " ( a2 T) aupt—m o= £ 2 3 ) = 2mat S
' 7 (3.4)
the system (3.1) transforms into
dﬂ:l
dt =l
dy
e e ae 2 [P ISP R P N I [ T TR 3 JURPUS Y 19 B\
de - Nxry 7 Geliyy” v @Y 1 451l 1 del Y1t 1 J (Zilhd) \v.J}
dzl
Pl e fa (Z1121)
and the functions fl(’iylzi) and fZ(’Iyizi) could be expressed as

f1 (my121) = 2i%p1 (T1y121) + 21291292 (Z1y121) + Z1Y1%9s (Z19121) + viles (T1121)
fa (m1y121) = 2195 (xinz1) + 21291206 (21121) + yider (T1y121) (3.6)
% (0,0,00=0  (k=1,...,7)

—~ -

It is easy to notice that the substitution (3.2) does not lower the
order of terms in the right members in the system (3.5). After the sub-
stitution (3.3) the system becomes

dx, — 1+ V1 + day.z,
dt = 2a22

a ag? a
= ya— —-yata + 2 g ylnt 4, 0= %
dys g 3 e ° a3
ai = 9T+ eny® + ey + ez + fi (:a) + 2 T lazyin + enyn’s +

a
+ agntz + asminla® + aezi?n® + wianfi (2, ¥, )]+ ‘Cﬁ' y1i*fa (a121)
dzy
qL=a+ fa {z1y121) (3.7)
Finally, after dropping the indices, the transformed system could be
written in the form:

dx
T =Y+ Du(yz)
dy
= a12% { a.xy? + asy® + aszyz - O (zyz) (3.8)
dz
I = — ¢z + ©s (zy2)
where
— 1+ V1 + bayz a8 a®
Oy (y, 2) = 2z ~y=—"7"+273 2254 . L.

@, (zyz) = 2°F, (2y2) + 3%*Fa (2y2) + y*Fs (zyz) + zy°F4 (2y2)
Qs (zyz) = 2Fs (zyz) + 22y F6 (zyz) + Y*F; (zyz)
F,(0,0,0=0 k=1,...,7).

(3.9)

Let us consider Liapunov’s function
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(3.10)

S T [ T P S

22

0
+4#{exp (—arzt)]—y? [ exp {— i;‘as?«‘2>]§(1+2ds[e-‘l’("021’2)]) lexp (F ase)] dot 57
0

In the neighborhood of the unperturbed motion for sufficiently small
values of the variables x and y the sign of the above function is deter-
mined by the sign of the polynomial.

a 1-8 2 . zz
(y — —‘3" - asz!/’) +yvr+ 5 (3.11)
which can vanish only when
z=y=z=0, (3.12)

It follows that the function V(x, y, z) is a positive-definite function
of the variables x, y, 2. Taking into account the system (3.8), the total
time derivative of the function V equals

x x
3 2
(fi"t, =y? {2a1x2 exp (— a:2?) + 4ajasr; S [exp (— a_zg:_)] dz g a,z? [exp (— gz_:_)] dx} +
0 0

X
]
+9® [4a1aazz exp (— a,: ) S exp (— —‘%—') dz — 3a;2% exp (——

2
w

—2‘ (131") X

x
3
[1 + 2as exp (— @22?%)] exp ( a,xl) dz + 4azasx S‘exp( ag:r >dz&alx'z X
0

x
S8

x
2 2
xepx( ———)da:].{_yd[_-i-—éagaazexp( azz)gexp( a—zzx—)d:r+
0

X
+ 3 (asg — ag) x exp (— % a,x’) S [1 + 2a3 exp (— ay23)) exp ( 3 aax’) dz +

0
% 2 2 3 3 £ 3

+ 4ajag? (S exp (— %—) dx) + 4ay? Sexp (—— 51,7:‘) dx S a2 exp (— %’i) dx] -+
0 0 0

x

2\ 2 2 3
-+ [— 4aq® exp ( T S exp (-— 222—2-) dz + 4agag®x ( S exp (— a—?;—/\, dz) —
0 0

x
— 3asg exp (— -3— ) S [1 + 2as exp (— a22?)) exp ( 3 a3z2> dx:; +
0
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X
1121‘2

+ y®4ag® (Sex (—-—)da:y—z”—{—ﬂd) (z, y, 2) +-6—qu (z, ¥, z) +
) P 2 oz b » Y, ay 2 » Y
0

z av
+ -C—CDa (z, ¥, 2) + @asxyz (3.13)

For sufficiently small values of x and y the above derivative could be
written as

av av
ar =202 [1 + 11 (2y2)] — ¥ [1 4 72 (zy2)} — 22 [1 + 73 (zy2)] + By “Y? (3.14)

Here, yl(x, Yy, 2), yz(z, ¥, z), yj(x, y, z) are continuous functions
of x, y, z, in the neighborhood of the unperturbed motion, and vanishing
at the point x= y= z= 0. In a certain neighborhood S, of the unper-
turbed motion, where the following conditions are satisfied:

|11 (z.y,2) | <3, |2 (x,y,2) | < B, [ s (z,y,2) | <3, % = const < 1 (3.15)
we shall have
av
— 203 [1 + 1 (298] + ¥ 11+ 12 (29,2 + 22 [1 + 78 (2,y,2)] — 57 as7yz =

av X
> (1—8) [— 205272 + y* + 28] — 5o asrye > (1 — ) [ 2ty + yio 22—k [zyz)(3.16)

where k represents the maximum value of | agdV/Jdy| in a certain neighborhood

S2 of the unperturbed motion. The function

z,y,2) = —2a12%y* + 22 — k| xyz | (3.17)
f(=9.2)

is a positive-definite quadratic form with respect to the variables u= xy,
z for all values of k satisfying the condition

Kt < — 8a; (3.18)

The function f(xyz) vanishes at x = z= 0, y# 0, and at y = z = 0,
x # 0, and hence is a positive-definite function in the sense of Liapunov.
We shall select now S2 such that the condition (3.18) for k will be satis-
fied. Suppose there exist a neighborhood of the unperturbed motion (S)
which is entirely in S1 and S2 as well, Then, in the neighborhood (S) the
derivative dV/dt will be a negative-definite function of the variables
z, y, z, vanishing on the line y = z = 0. In this way we have shown that
the constructed function V satisfies all the conditions of Liapunov’'s
theorem on the stability of the unperturbed motion.

It could be shown that the asymptotic stability does not hold in the
considered case. This is seen from the following solution of the system

(3.8)
(3.19)

I
ILI

== x¢ = const, Yy
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